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Abstract-Theuseofappropriatefiniteelementsin differentregionsof a stressedsolidcanbeexpected
tobeeconomicalincomputingitsstressresponse.Thisconceptis exploitedherein studyingstressesnear
freeedgesin laminatedcoupons.Thewellknown freeedgeproblemof [Oj90Lsymmetriclaminateis
consideredto illustratetheapplicationoftheconcept.Thelaminateismodelledasa combinationof three
distinctregions.Quasi-three-dimensionaleight-nodedquadrilateralisoparametricelements(Q3D8)are
usedatandnearthefreeedgeof thelaminateandtwo-nodedlineelements(Q3D2)areusedintheregion
awayfromthefreeedge.A transitionelement(Q3DT)providesa smoothinter-phasezonebetweenthe
tworegions.Significantreductionintheproblemsizeandhencein thecomputationaltimeandcosthave
beenachievedat almostno lossofaccuracy,
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NOTATION
halfwidthof thelaminate
modulusof elasticityfor orthotropicmaterial
in thei-direction,MPa
totalstrainenergyreleaserate
modeI, modeII andmodeIII componentsof
strainenergyreleaserate,respectively
length(Q3D2element)
laminatethickness,m
shearmodulusfororthotropicmaterial,MPa
plythickness,m
displacementfunctions(functionofy andz in
Q3D8element,functionof y onlyin Q3D2
element),m
displacementsin theX-,y- andz-directions,
m
Cartesiancoordinates,m
uniformaxialstrainin thex-direction
nondimensiona/izedcoordinates( eeFig, AI)
anglebetweenx-axisandlongitudinalxisof
theply (seeFig, la), degrees
Poisson'sratiofor orthotropicmaterial
vectorof Cartesianstrains
vectorof Cartesianstresses
INTRODUCTION
,
- La~inatedcompositesarereplacingmetalsinseveral
engmeeringapplications.The inherentweaknessof
i theresinin a laminatedemandsnewdesignrequire-
ments,uchasestimationof interlaminarstresses
nearcut-outs,freeedges,rivetholes,etc.,andassess-
mentof the'delaminationtoleranceability'of the
structurewhich,in turn,callsfor accuratestimation
ofthestressfieldand strainenergyreleaserates.
Laminatesareusuallytreatedas a stackof plies
bondedtogetherso thatno slippageat the inter-
laminarsurfaceis possible.Eachply isconsideredas
ahomogeneousorthotropicmedium,withtheaxesof
orthotropycoincidingwith thematerialaxes.Mod-
ellingof thestressfieldin sucha materialsystemis
notaneasytask.Theoreticalmodellingof laminates
hasbeenreceivingagreatdealofattentionin recent
years.Pioneeringworks of Paganoand his associ-
ates[1,2],displacment-basedmodelstudiedbyvari-
ousothers[3],iterativemodellingpossibilities[4],etc.,
mayleadto viablefiniteelementformsin theyears
to come.However,as it stands,the use of three-
dimensionalelasticityin thefiniteelementformap-
pearsto be theonlyfeasibleapproachfor obtaining
stressesin therequireddetail,to ensurelaminate
integrity,untilatleastsomeof therecenttheoretical
modelsareconvertedinto finiteelementformsand
validatedfor applicationto laminateedge stress
situations.
Thereareseveralstudiesin theliteratureemploy-
ingthree-dimensionalfiniteelementsfor estimating
stressesin thecriticalregionsof thelaminates[5-10].
Unfortunately,theuseof three-dimensionalelements
not only increasesdemandson computermemory
requirementbutalsoincreasesthecost.
In viewof thelargecomputationaleffortinvolved,
someingenuityinthechoiceofthefiniteelementgrid
helpsin three-dimensionalfiniteelementanalyses.A
gradedfiniteelementmeshis oftenresortedto,with
an adequatelevelof refinementin critical regions
involvinghighstressgradients.Morerecentlyglobal-
localanalyseshavebeenconsidered[11],whereinthe
localsolutionwithappropriatedisplacementbound-
ary conditionsgeneratedfromtheglobal solution
yieldsthe stressfield in the localregions.This is
essentiallya two-stageanalysisandmuchscopeexists
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in termsof definingthelocalr~gionsandthefinite
elementgid ina successivemannerto obtainall thenecessarydetails.Usually both the localand the
globalsolutionsareobtainedusingthesamelements
which,of course,is not essentiaL
In thispaper,weattemptanalternativepossibiEty;
namely,in theregion wherethe three-dimensional
elementsareessential,thethree-dimensionalelements
areemployedwith therestof theregionidealizedin
termsof appropriatesimplerelements.A transition
elementconnectsboththeregionsmoothlytoobtain
the solutionin the criticalregion to thedesired
accuracyin onestage.Thisapproachhasbeenutil-
ized successfullyin the pastin studyingboundary
stressesin box-beams[12],shells[I3] and swept
plates[14].In [15],somepreliminaryresultsof the
free edgeproblemusingthis approachwerepre-
sented.In thepresentstudy,freeedgestressesin a
[0/90].laminatedcouponareobtainedbyemploying
this approach.Quasi-three-dimensionaleight-noded
elements(Q3D8)areusedin theregionnearthefree
edge and quasi-three-dimensionaltwo-nodedel-
ements(Q3D2)in therestof theregion,interconnect-
ing thesetworegionswithtransitionelements.With
this idealizationit hasbeenpossibleto obtainthe
edgestressfieldwith muchlesscomputationaleffort,
when comparedto thecompletethree-dimensional
idealization.
DESCRIPTION OF THE PROBLEM
Theproblemunderconsiderationisthatofanalysis
of a typicalmulti-layered,long, rectangular,lami-
natedcompositecouponsubjectedto remoteuniform
axial strainloading (seeFig. I). The laminateis
symmetricaboutthemidplaneandin eachhalfit has
an arbitrarynumberof plies,each with different
thicknessandfibreorientation.In sucha laminate,a
quasi-three-dimensionalstateof stressexistsand
the displacementsu, v andw of anypointon the
(0)
cross-sectionrepresentedby an x =constantpI
(Fig.Ib) aregivenby(see[16]) ""
U(X,y,Z)=EOX + U(y,z)
v(x,y,z)= V(y,z)
w(x,y,Z)= W(y,z).
(1)
In sucha caseV, V and Ware functionsofYand
Z only. The axialstrain,Eo, is uniformalongthe
x-axis.Consequentlythegradientsof U, V andIf
withrespecto thex co-ordinatearezero.Hencethe
finiteelementmodelrequiredto solvethisbasically
three-dimensionalproblemis essentiallytwo-dilllen.
sional.
The quasi-three-dimensional(Q3D) analysisre-
ducestheproblemsizeverysignificantlyascompared
to three-dimensionalanalysis.A numberof investi-
gatorshavestudiedthisproblemandvaluabledata
areavailable.Hencethisproblemis chosenhereto
studythepresentconceptof employingappropriate
elementsin differentregions.For simplicity,afour.
ply [O/90)slaminate,as shownin Fig. 2a, 'withthe
widthb =20h,hasbeenconsideredasan illustrative
exampleto demonstratethe economyattainablein
the presentapproach.h is the thicknessof each
individualply. Consideringthedoublesymmetryof
the problem,onequarterof thecross-sectionas
shownshadedin Fig.2bis requiredto beconsidered
for theanalysis.
Thesamematerialpropertiesof laminateasused
in (17),repeatedbelow,are usedfor the numerical
studies.
Ell =137.90GPa (20.00x 106psi)
E22=E33 =14.48GPa (2.10x 106psi)
Gl2 =G23 =GI3 =5.86GPa (0.85x 106psi)
VI2=V23 =vl3 =0.21.
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Fig. I. Laminategeometryandanalysisdomain.(a)A typicalsymmetriclaminate.(b)x =constantplane.
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Fig. 2. (a)Four-ply[0/901,longrectangularlaminate.(b) Representativeplane,x =constant.
SubscriptsI, 2 and 3 for the individualuni-
directionalplycorrespondto thelongitudinal,trans-
verseandthicknessdirections,respectively,i.e. the
materialaxessystem.
CONVENTIONAL QUASI- THREE-DIMENSIONAL
FINITE ELEMENT ANALYSIS
Thequasi-three-dimensionalfiniteelementap-
proachwasdevelopedin [17,18]employingquasi-
three-dimensionalthree-noded constant strain
triangularelementsto investigatethestressfieldin
symmetricallylaminatedcompositesof finitedimen-
sions.Themechanical(uni-axialtension),thermal
andhygroscopicloadswereconsidered.In [19],four-
andeight-nodedisoparametricquasi-three-dimen-
sionalquadrilateralshavebeendevelopedandseveral
quasi-three-dimensionalsolutions have been re-
ported[20-25]in theliterature.
Wefirstproceedtoconsideranalysisof the[O/90]s
laminateemployingquasi-three-dimensionaleight-
nodedparabolicquadrilateralisoparametricfinite
element-(Q3D8). A typical finite elementmesh
adoptedhereis shownin Fig. 3,whichrepresentsthe
shadedregionshowninFig. 2b.A uniformextension
caseto=I wasconsidered.
The finiteelementidealizationis gradedin sucha
waythatthesmallestelementsizein thevicinityof the
interfaceandnearthe freeedgeor thedelamination
tip,asthecasemaybe,is(h/4x h/4).Anidealization
with 65 elementsand 232nodeswas employedto
obtain numericalresults.Distributionsof displace-
mentsandstresses,includinginterlaminarstresses,
wereobtained.The symmetricedgedelaminationof
depthh/4locatedateitherz =0 or z = th wasalso
consideredto obtain stressesas well as thestrain
energyreleaserates.The resultsof theaboveanalyses
areusedlaterasa benchmarksolutionforcompari-
sonwiththoseobtainedfromtheproposedscheme.
A closeexaminationof theresultsis providedbelow
in ordertoindicatethattheuseofdissimilarelements
in differentregionsis appropriatein orderto gain
certaincomputationaldvantages.
To beginwith,thedisplacementsv andwall over
the cross-sectionof the laminateare examinedin
detail(seeFigs4-7). The valuev alongthey-axisis
shown plottedin Fig. 4, for variousz =constant
planes.Figure5showsvariationof valongthez-axis,
for variousvaluesof y. It isclearthatthevariation
of v alongthez directionis negligiblysmallexcept
nearthe-freeedge,i.e.withinadistanceofabout4-6h
fromthefreeedge.Thevariationof wshowninFigs6
b = 20 h
0
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Fig.3. Finiteelementmodel:Q3D8analysis.
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Fig.4. Displacementvalongthewidthof thelaminate.
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and7 leadsto a similarobservation.w variation
acrossthe thicknessat variousy =constantplanes
(shownin Fig. 7)suggeststhatthenear-linearvari-
ationw acrossthethicknessisestablishedwithina
distancewhichis of theorderof a ply thicknessh
fromthefreeedge.It maybenotedthatat thefree
edge(y =20h),wvariationacrossthethicknessi a
bitunusualandseemsto involvea normalstrain£z
discontinuityat the interface,which is of course
admissiblefromelasticityconsiderations.It is clear
thatthisphenomenonis associatedwitha verysmall
regionnearthefreeedge.Stressvariationsalongthe
y- and z-axis (not shownhere)also indicatethat
thenatureof stressesis three-dimensionalonly in
12 14 16 18 20 '1/
a small regionnear theboundary.This provides
the basisfor the presentapproach,namelytouse
three-dimensionalelementsin asmallregion earthe
boundaryandmoresimple lementselsewhere.
-0'"
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COMBINED USE OF Q3D2,TRANSITION AND Q3D8
FINITE ELEMENTS
It is now clear thatrigorousthree-dimensional
idealizationemployingQ3D8 elementsis essential
only inasmallportionnearthefreeedge(regionIII,
Fig. 8a)and in the restof thecross-section(region0
a moresimpletreatmentwouldbeadequate.In [261
this concepthasbeenutilized.A simplecontinuum
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solutionbasedonCLPT wasobtainedin regionI and
matchedwiththefiniteelementsolutionin regionIII.
In thepresentstudies,regionI is idealizedin thefinite
elementform50thatit ~comessom;;whatgeneralin
termsofdevelopingthecomputerprogram.Figure8b
showsa typicalfiniteelementidealization.
RegionI:
RegionII:
RegionIII:
Q3D2elements(Appendix)
Q3DT elements(descriptionfollows)
Q3D8 elements(eight-nodedquasi-
three-dimensionalisoparametricquad-
rilateralelements[19]).
This idealizationis denotedby bIjh-b2jh-b3jh,
indicatingtherangeof regionsI, II andIII, respect-
ively.For example,16-1-3idealizationindicatesthat
regionI coversthelaminatewidthof 16h(Q3D2
elements),region II convers the distanceof h
(Q3DT:transitionzone)andregionIII coversawidth
of 3h (Q3D8: quasi-three-dimensionaleight-noded
elements).
Q3DT: TRANSmON ELEMENT
In thepresentapproach,differentregionsaremod-
elledusingelementswithdifferentnodalvariables.In
orderto achievesmoothconnectivityof thedifferent
regionsanelementwithdifferentypesofnodesonits
boundarybecomesnecessary.Suchan elementor
zoneis called herean 'interphaseor transitionel-
ementor zone'. Suchelementswereusedearlierin
[12-15].
Figure9 describestheconceptin thepresentcase.
Thetransitionregionis first formedas an assembly
ofnQ3D8elementsandthensuitableconstraintsare
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Fig.8a.Idealizationofthelaminateintothreeregions.
- 1 RE~ON r-- REGIONm
-+b2 +-- b3
z
REGIONI
b,
y
Fig.8b.A typicalfiniteelementidealizationofthethreeregionswith(Q3D2-Q3DT-Q3D8)elements.
imposedon nodeslocatedontheboundarywith
regionI sothatthesenodesareconverted,ontrans-
formation,intoasinglenode,thatcanconveniently
beattachedtothenodeoftheregionI.Theprocedure
involvesthefollowingsteps.
Thenodaldisplacementvectorfor thejth node
of theuntransformedor uncondensedtransition
elementof Fig.9aisgivenas
bJ ={u v w}j.
The vectorof the globalnodal displacementsofthe
transitionelementbeforetransformationwouldthus
be
qT={qfqr},
where
qf={bl 152... bj... bm}, m=3n+2
(2)
and
qf={bm+ 1 15m+2 ... 15m+p}, p=2n+1,
. Q3D8
NODE
r---
I
I
~---
I
I
~---
I
I
r'--
I
1
. Q3D2
NODE
(0) e.for. cond. nlot ion (b) Afte r condenlotion
Fig.9.Transitionelementbeforeandaftercondensation.
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wheref/:representsdegreesof freedomremaining
tatteredandq2representsdegreesof freedomto be
uno<flfiedtoachieveconnectionwithregionI.
JJ1Let[K]bethe assembledstiffnessmatrixof the
int~rpbaseregionand{;-}theloadvectorcorrespond-
ingtothedispla~mentvector{q}.Thestrain~!lergy
ofthisregioncan thenbeexpressedas
U =Ij2{q7}[KJ{q}.
Thevectorof displacementshatwouldrepresent
thetransitionzonewhileassemblingtheglobalstiff-
nessmatrix,i.e.aftersuitabletransformation,would
beconsideredin theform
{47}={4f4f},
~
(0) 18 - 0.5- 1.5
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where
41=ql and q2=bm+I ,
wherebm+I isthevectorofnodaldegreesoffreedom
correspondingto the connectingQ3D2 node of
regionI givenby
(4) {"J:.:+d = {u v w}m+I .
(5)
The transformationbetweenvector{q2}and{42}
can be obtainedthroughsimplekinematicallycon-
sistentrelationshipsbetweenthreedisplacementsa -
signedto eachof thep nodes(m+ I to m+p) and
threedegreesof freedomofferedbytheQ3D2node,
i.e.the(m+I)thnode.
1 .
( 18h)
ideol izot ion
\.. 1 n -I-- m
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( 17h)
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..t
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Fig. 10.Idealizationsto studytheeffectof locationof transitionregion.
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In matrixformthiswillappearas
Tl
T2
Tp
whereatypicalsubmatrixTj ofthe(m+j)th Q3D8
nodewouldbe
[
1 0
Tj= 0 1
0 0
{q2}= [T1J{q2}=
"3
The strainenergyof thetransition(super)element
(Fig. 9b) aftercondensationcan now be written
as
{Q2}' (6) u=1/2{Q1[T~[K][T]{Q}.
1j where
[T]=[~ ;J
0
]
0 .
Cm+j
is of dimension3(m+p) x 3(m+ I), whereI isthe
unit matrixof dimension3m.Thus
KT=TTKT and rf= TTr,
2'0
O' PLY 1.5
1.0 Z
h
90. PLY
05
0'0
06H 1'0 0'8 0,71'2 0,9
V
Fig. 12.v variationaty =b (convergencestudy).
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TableI.-
lfh-
0.500
1.625
(7)
Table2.
(8)
yfh
0.00
8.00
16.00
18.00
18.50
19.00
19.25
19.50
19.75
20.00
Table3.
yfh-
18.000
18.500
19.000
19.250
!9.500
19.750
19.875-
Table4.-
yfh-
18.000
18.500
19.000
19.250
19.50(
19.75C
19.87~--
2'0
I'~
\.0
Z
h
0,5
),0
)
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q},
, whereI is the
rT"
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h
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hereKT is thestiffnessmatrixand'r is theloadw ..
vectorof thetransitionzone.
RESULTS AND DISCUSSIONS
FigureSlOa, band c show the finite element
idealizationusedinthep~esents udy.Fig.ures11and
12showthevalueswand v acrossthethIcknessata
;ypicalsectiony =b for the threefinite element
idealizations.Clearly,asthethree-dimensionalregion
sizeincreases,i.e.asthetransitionzonemovesaway
fromthefreeedge,theresultsapproachtheclassical
three-dimensionalresults.In thepresentcase16-1-3
idealizationgivesresultsverycloseto thebenchmark
values.Tables1through4 displaytheconvergence
trendwithreferenceto thestresses.Thesecompari-
sonsclearlyindicateheadequacyof 16-1-3idealiz-
ationforbringingouttheedgestressbehaviourofthe
laminate.
Table2.StressGxvariationalongthewidth (z = 1.125h,
0°ply)
17-1-2
139.5400
139.5400
139.5400
138.2100
138.1450
138.0760
138.0450
138.0170
137.9640
137.8310
(7)
(8)
y/h
0.00
8.00
16.00
18.00
[8.50
19.00
19.25
19.50
19.75
20.00
18-0.5-1.5
139.5400
139.5400
139.5400
138.1400
138.1020
138.0470
138.0250
138.0030
137.9560
137.8290
16-1-3
139.5300
139.5400
138.3900
138.2340
138.1590
138.0850
138.0490
138.0190
137.9660
137.8300
Q3D8
138.4200
138.4200
138.3860
138.2400
138.1630
138.0850
138.0510
138.0200
137.9660
137.8300
Table3.StressGyvariationalongthewidth(z =1.125h,
0°ply)
17-1-2
2.0291
1.9486
1.8513
1.7559
1.5810
1.1438
0.6532
y/h
[8.000
[8.500
[9.000
[9.250
19.500
19.750
19.875
18-0.5-1.5-
1.8399
1.8469
1.7862
I.7072
1.5494
1.1294
0.6509
16-1-3
2.0770
1.9898
1.8787
1.7711
1.5905
1.1474
0.6523
Q3D8
2.0993
2.0032
1.8836
I.7784
1.5940
1.1482
0.6518
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FigureI3 showsa comparisionof interlaminar
stressesin thespanwisedirectionandFig. 14shows
thesamein thethicknesswisedirection.The results
are in closeagreement.
Figures15aand b showthefiniteelementidealiz-
ationatthedelaminationtip, usedto calculatethe
strainenergyreleaserates.Following[27],the indi-
vidualcomponentsof strainenergyreleaseratesin
Mode I of fracturearecomputedas
1
G1=- -[FzB(WD- WD,)+FzA(WC-Wd],2[\
whereFZBistheforceinthez-directionatnodeB, WD
is thedisplacementin z-directionat nodeD, etc.(see
Fig. 15).Expressionsusedfor GII andGlIl are ob-
tainedbyreplacingFz withFy and Fx and W with
V andU, respectively.
Variouscomponentsofforcesanddisplacementsat
the requiredlocationsas estimatedin the three
idealizationsconsideredareshownin Tables5 and6
for symmetricedgedelaminationsof depthh/4 at
z =0 and z = i:.h, respectively.The comparisons
indicatethatwiththe16-1-3idealizationitispossible
to estimatestrain energyreleaseratesreasonably
accurately.Consideringthat the total numberof
3-0
20
<Tz
- 03D8 (DOF 696)
__n 0302 -T-e ( OOF360)
16.-1-3 SCHEME
17 20
1'0
18 i..,
h
ayz
-1-0
Fig. 13.GzandGyzvariationsalongy-axisnearfreeedge.
[able1. StressGxvariation(y =b) acrossthethickness
Z/h 18-0.5-1.5 17-1-2 16-1-3 Q3D8
0.500 14.8464 14.9281 14.9514 14.9591
1.625 137.8290 137.8310 137.8300 137.8300
Table4.Stress(Jyvariationalongthewidth(z =O.875h,- 90°ply)
y/h 18-0.5-1.517-1-2 16-1-3 Q3D8
18.000 -4.1227 -3.8684 -3.6224 - 3.4648
[8.5()() - 3.9126 -3.6981 - 3.5356 -3.4170
[9.000 -3.4981 - 3.3478 - 3.2679 - 3.1804
[9.250 -3.1090 -3.0032 - 2.9244 - 2.8888
19.500 - 2.5275 - 2.4673 - 2.4230 - 2.4020
19.750- 1.5234- 1.5061 - 1.4922 - 1.4855
[9.875 -0.4156 -0.4212 -0.4228 -0.4234-
2'0
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Fig. 14.1I2and lIyzvariationsalongz-axisaty =b.
degreesoffreedominvolvedin 16-1-3analysisis 360,
whichis muchlessthanfor thecorrespondingcom-
pletethree-dimensionalanalysis,the presentscheme
maybeconsideredexpedientfor theedgestressand
edgedelaminationproblem.
(0)
DELAMINATION
Table 5. Forces, displacementsandstrainenergy
rates. Edgedelaminationof depthh/4 at z :::-
SchemejPt 18-0.5-1.5 17-1-2 16-1-3 (Q
Forces Fz in theG cakulation
B -0.2168 -0.3023 -0.3325 -{
A -0.1588 -0.2248 -0.2476 -{
Displacementsw in the G calculation
D 0.0781 0.1103 0.1221
C 0.0541 0.0761 0.0840
Strain energy releaserates(modeI: 100%)
G[ 0.0510 0.1009 0.1228
Table 6a. Forces,displacementsandstrainenergy
rates. Edgedelaminationsof depthh/4 at z :::
SchemejPt 18-0.5-1.5 17-1-2 16-1-3 C
Forces Fy in theG calculation
B 0.2969 0.3039
A 0.1551 0.1716
0.3056
0.1755
Displacementsv in theG calculation
D -0.0703 -0.0711 -0.0713 -I
C -0.0380 -0.0386 -0.0387 -I
Strain energyreleaserates(modeII)
Gu 0.0535 0.0564 0.0571
% 50.74 44.85 44.04 4
Table 6b. Forces,displacementsandstrainenergy
rates.Edgedelaminationsofdepth /4atz :::
Scheme/Pt 18-0.5-1.5 17-1-2 16-1-3 (
Forces Fz in theG calculation
B -0.2177 -0.2514 -0.2575 -
A -0.1012 -0.1303 -0.1369 -
Displacementsw in theG calculation
D 0.0906 0.1017 0.1032
C 0.0619 0.0699 0.0711
Strain energyreleaserates(modeI)
G[ 0.0520 0.0694
% 49.26 55.15
0.0726
55.96 5
CONCLUSIONS
Problems involvingthree-dimensionalnal
quire a largenumberof degreesof freedoma
attemptto reducethesizeof theproblemwith<
of accuracywill be of greathelp.In this pa
attemptis madeto achievethisobjectivebye
ing appropriateelementsin thedifferentreg
(b)
TIP ELEMENT SIZE = t.
Fig.15.Nodesusedin thestrainenergyreleaseratecomputations.(a)Finiteelementmeshatfreeedge.
(b) Delamination.
JI
t.-J- t. t.
C. D
A 81 c' H
t.
-1
in on"gy rei"" ~
':~3nt'~§: II.
3325 -0.3445
.2476-0.2565
un energyrelease
/4at z =i:.h-
-1-3 Q3D8
.3056
.1755
0.3060
0.1764
.0713
.0387
-0.0713
-0.0388
.0571
.04
0.0573
43.92
iin energyrelease
/4atz = +h
-1-3 Q3D8
'.2575
'.1369
-0.2587
-0.1386
1.1032
1.0711
0.1033
0.0713
1.0726
i.96
0.0732
56.08
mal analysisreo
reedom andany
lcmwithoutloss
n this paperan
;tiveby employ.
erent regionsof
f
~
t
~
i
freeedge.
Analysisof edgedelaminatiofisin laminates
thestructure.Edgest:essanalysisof laminatedtest
couponswithand wIthout delaminationhasbeen
consideredto illustratetheconcept.Displacements,
streSSdistributio.nsand strainenergyreleaserates
~eestimatedusmgthe presentapproachandcom-~ -
pared,:ith thoseob~ainedfromt.hefull quasi-thre~-
dimensIOnalnalysis.Resultsmdicate that thIS
approachis highlypromising.
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APPENDIX: ELEMENT Q3D2
A simple lement,appropriatefor idealizationof region
I ofthelaminateunderconsideration(Fig.8a)isgivenhere.
Thegeometryandthecoordinatesystemofatypicalelement
areshownin Fig. A l.
Displacementfield
L\=~ +A"b, (AI)
where
{b}={UVW},
~~rnA'{ I J
Shapefunctions
{b}=Aq{q}, (A2)
1"'''1 0.1269. L..
.0840 0.0872
0)
.1228 0.1322-
,..
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z, ~,w z
C: H
y
"1=T
/
x,u
L y,T],v
0
Fig.AI. Co-ordinatesystemandgeometryforQ3D2element.
where Stressfield
{erY=[D]k{£t (As)
(A3)
[Dt is thethree-dimensionalelasticitymatrixof thekth
layer.
ConsideringtheexpressionforthestrainenergyUinthe
form
F,=1-" F2=". u= 1/2L£TCTdV
andusingeqns(Al}-(A6), oneobtainsthestiffnessmatrix
as
(A~
Thestrain-displacementrelationsare
£ =r .1,
K =f (" (I BqT(",ODkBq(",0 d"dC
k=I J,. -, Jowhere
whereN =numberof pliesin thelaminateandaconsistent
loadvectordueto uniformaxialstrainas
N i" I IrT =L £*TDkBq(",0 d" d(.k=1',-10
(A4)
A two-pointGaussquadratureintegrationisadequatefor
numericalcomputationto obtaintheelementsof thestiff.
nessmatrixandtheload vector.
Figures4 through7 showsomeresultsobtainedusing
only this elementto idealizethecompleteregionofthe
cross-section.A totalof 13elementsgradedappropriately
(seeFig. A2)is employed,involvingonly 42 equationsa
against696in thethree-dimensionalsolution.Closeagree.
mentwiththethree-dimensionalsolutionfor displacements
exceptnearthefreeedgemaybenoted.Clearlythiselement
is adequatetomodel75-80%of thelaminatein theregion
awayfromthefreeedge.
where
£*={Eo 0 0 0 0 O}
Bq =r A6Aq.
z ,~,w
y,TJ,v 2' 3
20h
4
4
~~A6.A
10II 121314
2h ~
5 6 7
Fig. A2. Finite lementidealizationf thelaminateusingQ3D2.
[F' 0 0
F2
0 0]
Aq = 0 FI 0 0 F2 0
0 F. 0 F2
{qr = {u. VI WI U2 V2 W2}
a/ox 0 0
0 1/1.0/0" 0
[rJ= I
0 0 I/B' %{
0 l/H'%{ 1/1.a/a"
l/B' a/a{ 0 a/ax
1/1'0/0" %x 0....
Strainfield
{£}k={£*}+ [BqJ{q},
